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Abstract
In this paper, we study congruence properties of modular forms in various ways. By proving a weight-
dependent congruence property of modular forms, we give some sufficient conditions, in terms of the
weights of modular forms, for a modular form to be non-p-ordinary. As applications of our main theo-
rem we derive a linear relation among coefficients of new forms. Furthermore, congruence relations among
special values of Dedekind zeta functions of real quadratic fields are derived.
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1. Introduction and notations
The notion of a p-ordinary prime was introduced by H. Hida. It plays an important role in
the p-adic theory of modular forms. For example, this is related to the construction of Galois
representations in GL2(Zp[[X]]) and the structure of the Hecke algebras for which the eigenvalue
of the pth Hecke operator is a p-adic integer (see [4,5]). Suppose that f (τ) =∑n>0 af (n)qn is a
normalized Hecke eigenform. A prime p is non-ordinary for f (z) if af (p) ≡ 0 (mod p). There
is very little known about the distribution of non-ordinary primes of a given eigenform f of
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302 D. Choi, Y. Choie / Journal of Number Theory 122 (2007) 301–313weight k. This problem has been studied in [2–5]. Recently, in [1], it is shown that the universal
p-divisibility properties of certain p-power coefficients can be studied in an elementary way, by
determining all the linear relations among the initial Fourier coefficients of a modular form on
Γ (1) = SL2(Z).
In this paper, we extend the results in [1] and give p-divisibility properties of modular forms
on Γ0(N) for square free N. We use the residue theorem on a compact Riemann surface to derive
main results while in [1] the special property of the modular function j (z) = 1
q
+ 744 + · · ·
was used to find linear relations among Fourier coefficients of modular forms. Using derived
linear relations we obtain sufficient conditions, in terms of the weight of the modular form on
Γ0(N), for a prime p to be non-ordinary. As a further application of main theorems, we study
congruences of the values of zeta functions of real quadratic fields at negative odd integers.
This paper is organized as follows. In Section 2 the main results are stated. In Section 3 as an
application of the main results we study relations among ordinary primes and Fourier coefficients
of modular forms. In Section 4 congruence relations among the values of Dedekind zeta functions
of real quadratic fields are derived. The proofs of the theorems are given in Section 5.
Notations. Let N be a positive integer and let H be the complex upper half plane. Let Mk(Γ0(N))
be the space of modular forms with weight k on Γ0(N), where
Γ0(N) :=
{(
a b
c d
)
∈ SL2(Z)
∣∣ c ≡ 0 (mod N)}.
Let Sk(Γ0(N)) be the set of all cusp forms in Mk(Γ0(N)) and SN := { 1t }t |N be the set of distinct
cusps of Γ0(N). The usual slash operator f |kγ is defined as
(f |kγ )(z) := det(γ ) k2 (cz + d)−kf (γ z),
where γ = ( a b
c d
) ∈ GL+2 (Q) and γ z denotes az+bcz+d .
If p is a prime divisor of N with ordp(N) = , then there exist α,β, γ, and δ ∈ Z with
pαδ − N
p
βγ = 1. Define the Atkin–Lehner involution W(p) by a matrix
W
(
p
) := (pα β
Nγ pδ
)
∈ M2×2(Z), det
(
W
(
p
))= p.
With the above notation,
W
(
p1
1
)
W
(
p2
2
)=
(
p11p22(αa + N
p11p22
βc) p11αb + p22βd
N(p
2
2 γ a + p11δc) p11p22( Np11p22 γ b + δd)
)
.
So one can define, for m | M, m = pj1j1 p
j2
j2
· · ·pjuju with ordpji (N) = ji ,
W(m) :=
(
mα β
)
∈ M2×2(Z), det
(
W(m)
)= m.
Nγ mδ
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f |kW
(
p1
1
)
W
(
p2
2
) · · ·W (pj j )= ∏
pi |N,1ij
λ
(
pi
i
)
f,
with distinct primes pi of ordpi (N) = i and f |kW(p) = λ(p)f (see [7, p. 285] for more
detailed properties of Atkin–Lehner involution). So, we denote the eigenvalue of f under W(m)
as λ(m) =∏pji λ(pjiji ) so that f |kW(m) = λ(m)f. Moreover, let wN be the Fricke involution
defined by the matrix
wN :=
( 0 −1
N 0
)
.
2. Statement of main results
Let M∗k (Γ0(N)) be all the eigenforms of Mk(Γ0(N)) with respect to all of the Atkin–Lehner
involution and the Fricke involution. By the Residue Theorem on the compact Riemann surface
X0(N) = Γ0(N) \ H ∪ SN, we have the following result:
Theorem 2.1 (Modular forms on Γ0(N), N square free). Suppose that f (z) =∑∞n=0 af (n)qn ∈
M∗k (Γ0(N)) ∩OL[[q]], where OL denotes the ring of integers of a number field L. Let p  N be
a prime and let f |kW(m) = λf (m)f.
(1) Assume that p ∈ {2,3}. If b 1 is an integer for which 12pb − 2 k, then
∑
m|N
m−
k
2 +1λf (m)af
(
mpb
)≡ 0 (mod p).
(2) Suppose that p  5 and δ is an integer in {4,6,8,10,14}. If b  1 is an odd integer and
c 0 is an integer for which k = (δ − 2)pb + 2 − c(p − 1), then
∑
m|N
m−
k
2 +1λf (m)af
(
mpb
)≡ −af (0)(24 + αδ)∑
m|N
m−
k
2 +1λf (m) (mod p),
where αδ = −2(14−δ)B14−δ ∈ Z and Bm denotes the mth Bernoulli number.
Moreover, if f ∈ Mk(Γ0(N)) has exactly one zero of order 1 at ∞, we get more refined
formula. In such a case, using [SL2(Z) : Γ0(N)] = N∏p|N(1 + 1p ) and the valence formula
(see [8]), k12 [SL2(Z) : Γ0(N)] = 1, the only possible values for N are in {1,2,4}. So we have the
following result:
Theorem 2.2 (Modular forms on Γ0(2),Γ0(4)). Let N = 2 or 4. Let β(2) = 12 or 14 and
β(4) = 14. Suppose that f (z) =∑∞n=1 af (n)qn ∈ Sk(Γ0(N))∩OL[[q]].
(1) If p = 2,3 and b 1 is an integer for which 12pb  (k + 2)[SL2(Z) : Γ0(N)], then
af
(
pb
)≡ 0 (mod p).
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which k = (β(N)− 14 + 12[SL2(Z):Γ0(N)] )pb + 2 − c(p − 1), then
af
(
pb
)≡ 0 (mod p).
The next result follows from Theorems 2.1 and 2.2. The results in Corollary 2.3 were first
studied by Hatada [3] (for p = 2 or 3) and Hida [4,5] (for p  5). Here we give an elementary
approach to derive the result. Note that, when N = 1, this result was already obtained in [1].
Corollary 2.3. Let f (z) =∑∞n=1 af (n)qn ∈ Sk(Γ0(N)) ∩OL[[q]], for N ∈ {1,2,4}, be a nor-
malized Hecke eigenform. Let p⊂OL be any prime ideal with p | p, p prime.
(1) af (p) ≡ 0 (mod p) for
{
p = 2,3 if N = 1,
p = 3 if N = 2,4.
(2) If p  5 is prime and k ≡ β(N) − 12 + 12[SL2(Z):Γ0(N)] (mod (p − 1)), where β(1) ∈{4,6,8,10,14}, β(2) ∈ {12,14} and β(4) = 14, then
af (p) ≡ 0 (mod p).
Remark 2.4. In particular, the case when N = 1, in Corollary 2.3(2) was already obtained in [1]
under the assumption that k ≡ β(1) (mod 12) and β(1) ∈ {4,6,8,10,14}. However, in this paper
we remove the condition k ≡ β(1) (mod 12), as it is stated in Corollary 2.3.
3. Application I: Linear relations among coefficients
In this section we state additional congruences among the Fourier coefficients of Hecke eigen-
forms. Again let N be a square free integer and ν(N) be the number of prime factors of N. For
a prime p | N and δ ∈ {4,6,8,10,14}, let
H(p,N, δ)(z) :=
∑
m|N
p
(
E(14−δ)|(14−δ)W(m)
)
(z) and
ΔN(z) :=
∏
m|N
Δ(mz).
Here Ek(z) is the usual normalized Eisenstein series of weight k, k  4, with Fourier expansion
Ek(z) := 1 − 2k
Bk
∑
n=1
∑
d|n
dk−1qn, and
Δ(z) := 1
1728
(
E34(z)−E26(z)
)
.
Note that
(
Δ|12W(m)
)
(z) = m6Δ(mz).
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H(p,N, δ)|(14−δ)W() =
∑
m|N
p
E(14−δ)|(14−δ)W(m)|14−δW() = H(p,N, δ) and
ΔN(z)|12·2ν(N)W() =
(∏
m|N

1
m6
Δ|12W(m) · 1
(m)6
Δ|12W(m)
)∣∣∣∣
12·2ν(N)
W()
=
(∏
m|N

1
m6
Δ(z)|12W(m) · 1
(m)6
Δ(z)|12W(m)
)
= ΔN(z).
This follows from general fact that f |kW(p)W(q) = fk | W(pq) for p,q | N (see [7, p. 285] for
more detailed properties of Atkin–Lehner involution).
Now, we take a normalized newform f (z) on Γ0(N) with f |kW() = λf ()f for all primes
 | N . Define Φ(f, δ) by
Φ(f, δ) := 1
ΔN
∏
p|N,p prime
(
H(p,N, δ)+ λf (p)H(p,N, δ)|(14−δ)W(p)
)
. (3.1)
We denote its Fourier expansion at ∞ by
Φ(f, δ) =
∞∑
n=−ξ
γf (n)q
n.
For notational simplicity, let Φ(f,14) := 1
ΔN
.
Note that ξ =∏p|N,p prime(p + 1). Since λf () = ±1 for all primes  | N , we obtain
Φ(f, δ)|αW() = 1
ΔN |12·2ν(N)W()
×
∏
p|N,p prime
(
λf ()
2H(p,N, δ)+λf (p)H(p,N, δ)|(14−δ)W(p)
)∣∣
(14−δ)W()
= λf ()
ΔN
(
H(,N, δ)+ λf ()H(,N, δ)|(14−δ)W()
)
×
∏
p 	=,p prime
p|N
(
H(p,N, δ)+ λf (p)H(p,N, δ)|(14−δ)W(p)
)= λf ()Φ(f, δ),
where α = −12 · 2ν(N) + ν(N)(14 − δ).
Remark 3.1. Note that Φ(f, δ) is meromorphic and has possible poles only at cusps.
Theorem 3.2. Suppose that f =∑n=1 af (n)qn ∈ S∗k (Γ0(N)) ∩ OL[[q]] is a normalized new-form with f |kW() = λf ()f, for a prime  | N, and let p ⊂ OL be any prime ideal above
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δ ∈ {4,6,8,10,14}. Further assume that f |kW() = f if k ≡ 12 · 2ν(N) + 2 (mod 2(p − 1)).
If af (p) 	≡ 0 (mod p), then
ξ∑
n=1
γf (−n)af (n) ≡ 0 (mod p).
Example 3.3. Suppose that p  5 and N are both prime and f =∑∞n=0 af (n)qn ∈ Sk(Γ0(N))∩
OL[[q]] is a normalized newform of weight k such that λf (N) = 1. Let p ⊂ OL be any prime
ideal above p. From (3.1), we have
Φ(f,14) = 1
ΔN(z)
= 1
Δ(z)Δ(Nz)
=
∞∑
n=−N−1
γf (n)q
n.
If 1
Δ(z)
=∑∞n=−1 d(n)qn = d(−1)q−1 + · · · (here d(−1) = 1, d(0) = 24, . . .), then
Φ(f,14) =
(
N−1∑
n=−1
d(n)qn
)
q−N + d(0)q−1 +
∞∑
n=0
γf (n)q
n.
If k ≡ 26 (mod (p − 1)), then we obtain
af (N + 1)+ 24af (1)+
N−1∑
i=0
d(i)af (N − i) ≡ 0 (mod p)
or
af (p) ≡ 0 (mod p)
from Theorem 3.2. Explicitly, let f (z) = af (1)q + af (2)q2 + · · · such that af (p) 	≡ 0 (mod p)
for a prime p  5 and k ≡ 26 (mod 2(p − 1)). Then we obtain the following identities:
(1) When N = 2,
af (3)+ 24af (2)+ 348af (1) ≡ 0 (mod p).
(2) When N = 3,
af (4)+ 24af (3)+ 324af (2)+ 3224af (1) ≡ 0 (mod p).
(3) When N = 5,
af (6)+ 24af (5)+ 324af (4)+ 3200af (3)+ 25 650af (2)+ 176 280af (1) ≡ 0 (mod p).
(4) When N = 7,
af (8)+ 24af (7)+ 324af (6)+ 3200af (5)+ 25 650af (4)
+ 176 256af (3)+ 1 073 720af (2)+ 5 930 520af (1) ≡ 0 (mod p).
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quadratic fields
In this section, as another application of Theorem 2.1, we derive congruence relations among
the special values of Dedekind zeta functions of real quadratic fields. First recall the following
result by Zagier [12]:
Theorem 4.1. [12] Let K be a real quadratic field and let k denote a positive even integer. Then
gk(z) = ζF (1 − k)+ 2d−1
∑
m1
an(K,k)q
n (4.1)
is in M2k(Γ (1)) with
an(K,k) = 2
∑
j |n
χ(j)jk−1k−1
((
n
j
)2
D
)
.
Here u(n) denotes
u(n) :=
∑
x2≡n(mod 4)
|x|√u
σu
(
n− x2
4
)
with σu(v) =∑d|v du.
Using Theorems 4.1 and 2.1 we study congruences among the values of zeta functions, which
are rational integers by Siegel’s result [9]:
Theorem 4.2. Let p be a prime and k be an even positive integer. Let K denote a real
quadratic field with the discriminant D. Let a, b be non-negative integers with b odd such that
2k = (δ − 2)pb + 2 − a(p − 1) with δ ∈ {4,6,8,10,14}. If (p − 1)  δ and p  (24 + αδ) where
αδ := −2(14−δ)B14−δ , then we have
ζK(1 − k) ≡ 2k−1(p
bD)
(24 + αδ) (mod p).
Remark 4.3. Take a prime p  13. Since αδ ∈ {0,−264,480,−504,240}, for δ ∈ {4,6,8,
10,14}, we have (p − 1)  δ and p  (24 + αδ) for every δ ∈ {4,6,8,10,14}. Therefore, if a
positive even integer k has the property that 2k = (δ − 2)pb + 2 − a(p − 1) for some positive
integers a, b, then we obtain
ζK(1 − k) ≡ 2k−1(p
bD)
(24 + αδ) (mod p).
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5.1. Proofs of Theorems 2.1 and 2.2
Proof of Theorem 2.1. Suppose G is a meromorphic modular form of weight 2 on Γ0(N). For
τ ∈ H ∪ SN , let Dτ be the image of τ under the canonical map from H ∪ SN to X0(N). The
residue of G at Dτ on X0(N), denoted by ResDτ Gdz, is well defined since we have a canonical
correspondence between meromorphic modular forms of weight 2 on Γ0(N) and meromorphic
1-forms of X0(N). If Resτ G denotes the residue of G at τ on H, then we obtain
ResDτ Gdz =
1
lτ
Resτ G.
Here, lτ is the order of the isotropy group at τ . The residue of G at each cusp in SN is
ResD1/t Gdz =
at (0)
2πi
, (5.1)
where G(z)|2W(Nt ) =
∑∞
n=mt at (n)q
n at ∞.
To prove Theorem 2.1(1), we take
G(z) := E12pb+2−k(z)
Δp
b
(z)
f (z).
Note that G is holomorphic in H and so, we only compute the residues of G at all the cusps.
Since Ek(τ) ≡ 1 (mod p) for p = 2 or 3, we have, for m | N ,
G|2W(m) ≡ λf (m)m− k2 +1
E12pb+2−k(mz)
Δ(mpbz)
f (z)
≡ λf (m)m− k2 +1
(
q−pbm + 24 + 324qmpb + · · ·)f (z) (mod p).
From (5.1), we obtain, for m | N ,
2πi ResDm/N G ≡ λf (m)m−
k
2 +1(24af (0)+ af (pbm)) (mod p).
The Residue Theorem implies
2πi
∑
Dτ∈X0(N)
ResDτ G = 0.
So, we have
2πi
∑
Dτ∈X0(N)
ResDτ G ≡ 2πi
∑
m|N
ResDm/N G ≡
∑
m|N
m−
k
2 +1λf (m)af
(
mpb
)≡ 0 (mod p),
since p ∈ {2,3}. This proves Theorem 2.1(1).
To prove Theorem 2.1(2), we choose
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pb
14−δ(z)E
c
p−1(z)
Δp
b
(z)
f (z)
for positive integers c and b such that k = (δ − 2)pb + 2 − c(p − 1). Note that F(τ) is holomor-
phic on H with weight 2. Since Ep−1(τ ) ≡ 1 (mod p), p  5 (see [6, p. 164]), we obtain, m | N ,
F |2W(m) ≡ λf (m)m− k2 +1
E
pb
14−δ(mz)E
c
p−1(mz)
Δp
b
(mz)
f (z)
≡ λf (m)m− k2 +1
(
q−pbm + (24 + αδ)+ · · ·
)
f (z) (mod p).
From (5.1) we have, for m | N ,
2πi ResDm/N F ≡ λf (m)m−
k
2 +1((24 + αδ)af (0)+ af (pbm)) (mod p).
Again, by the residue theorem, we obtain the desired result. 
Proof of Theorem 2.2. First, we construct a modular form hN(τ) such that ord∞(hN) = 1 and
ordτ (hN) = 0 for τ  ∞, i.e., τ which is not equivalent to ∞. Here ordτ (hN) denotes the order
of the zero of hN at τ . Using the valence formula k12 [SL2(Z) : Γ0(N)] = 1, the weights of hN
have to be 4 and 2 if N = 2 and N = 4, respectively. From these facts, we obtain the desired
modular forms:
h2(z) = 1240
(
E4(z)−E4(2z)
)= q + ah2(2)q2 + · · · if N = 2,
h4(z) = 124
(−E2(z)+ 3E2(2z)− 2E2(4z))= q + ah4(2)q2 + · · · if N = 4.
First to prove Theorem 2.2(2), consider FN(τ),
FN(z) :=
E
pb
14−β(N)(z)− 2p
b
(1 − [β(N)14 ])Ep
b
14−β(N)(2z)
h
pb
N (z)
Eap−1(z)f (z),
where b 1 is an odd integer, and c 0 is an integer for which
k =
(
β(N)− 14 + 12[SL2(Z) : Γ0(N)]
)
pb + 2 − c(p − 1).
Since Ep−1 ≡ 1 (mod p), p  5, we obtain
FN(z) ≡ E14−β(N)(p
bz)− 2pb(1 − [β(N)14 ])E14−β(N)(2pbz)
hN(pbz)
f (z)
≡ (q−pb + cN(2)+ · · ·)
((
−1 + 2
[
β(N)
])
+ αβ(N)(1)qpb + · · ·
)
f (z)14
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((
−1 + 2
[
β(N)
14
])
q−pb
+
(
cN(2)
(
−1 + 2
[
β(N)
14
])
+ αβ(N)(1)
)
+ · · ·
)
f (z) (mod p).
From Eq. (5.1), we have 2πi ResD∞ FN ≡ (−1 + 2[β(N)14 ])af (pb) (mod p). Since FN is holo-
morphic on H and ordt (FN)  1 at every cusp t, t  ∞, we obtain that 2πi ResDτ FN = 0 if
Dτ 	= D∞. Since −1 + 2[β(N)14 ] = ±1, this proves Theorem 2.2(2).
To prove Theorem 2.2(1), consider
FN(z) := E 12pb
[SL2(Z):Γ0(N)] +2−k
(z)
/
h
pb
N (z)f (z).
Theorem 2.2(1) can be proved in a similar way as before, so we omit the details. 
Proof of Corollary 2.3. Since f is a normalized Hecke eigenform in Sk(Γ0(N)), we have, for a
prime p  N,
af (p)af
(
pn
)≡ af (pn+1)+ pk−1af (pn−1)≡ af (pn+1) (mod p).
By induction on n, we obtain
af (p)
n ≡ af
(
pn
)
(mod p). (5.2)
(Note that (5.2) also holds for a prime p | N .) Hence, to prove Corollary 2.3, it is enough to
check that af (pe) ≡ 0 (mod p) for some positive integer e. Applying Theorem 2.1 for N = 1
and Theorem 2.2 for N = 2,4, we conclude Corollary 2.3(1).
To prove Corollary 2.3(2), we must show that if k ≡ β(N)−12+ 12[SL2(Z):Γ0(N)] (mod p), then
there exist positive integers c, b such that
k =
(
β(N)− 14 + 12[SL2(Z) : Γ0(N)]
)
pb + 2 − c(p − 1). (5.3)
By our assumptions, we may write k = m(p−1)+(β(N)−12+ 12[SL2(Z):Γ0(N)] ) for a nonnegative
integer m (note that we may choose β(N) properly so that m is always nonnegative integer).
Then, we have
(
β(N)− 14 + 12[SL2(Z) : Γ0(N)]
)
pb + 2 − k
=
(
β(N)− 14 + 12[SL2(Z) : Γ0(N)]
)
pb + 2
−m(p − 1)−
(
β(N)− 12 + 12[SL2(Z) : Γ0(N)]
)
=
((
β(N)− 14 + 12
)(
pb−1 + · · · + 1)−m)(p − 1).[SL2(Z) : Γ0(N)]
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Theorems 2.1 and 2.2, we obtain af (pb) ≡ 0 (mod p). 
5.2. Proof of Theorem 3.2
Note that the given f (z) is a modular form of weight k such that k ≡ 12 · 2ν(N) −
ν(N)(14−δ)+2 (mod 2(p−1)). So, we may take k = 2r(p−1)+12 ·2ν(N)−ν(N)(14−δ)+2
for some r ∈ Z. We can find positive integers a and u such that
−12 · 2ν(N)pu + ν(N)(14 − δ)pu + a(p − 1)+ k = 2,
and a is even because
−12 · 2ν(N)pu + ν(N)(14 − δ)pu + k − 2
= −12 · 2ν(N)(pu − 1)+ ν(N)(14 − δ)(pu − 1)+ 2r(p − 1).
Let
F(z) := Φ(f, δ)puEap−1(z)f (z).
Then, since Ep−1 ≡ 1 (mod p), p  5, we have
F(z) ≡
( ∞∑
n=−ξ
γf (n)q
npu
)
f (z) (mod p).
Note that
F |2W(m) ≡ ma(p−1)2 F ≡ F (mod p) (5.4)
for m | N since λ2f () = 1 and a is even. Since F is holomorphic on H, the residue theorem
implies that
2πi
∑
τ∈X0(N)
ResDτ F ≡ 2ν(N)
ξ∑
n=1
γf (−n)af
(
npu
)≡ 0 (mod p),
since the number of cusps of Γ0(N) is 2ν(N) (see [10, Section 1.6]). Because f is a Hecke
eigenform, we have af (pu) ≡ af (p)u (mod p) and af (es) = af (e)af (s) for gcd (e, s) = 1. So,
we obtain
2ν(N)
(
ξ∑
n=1
γf (−n)af (n)
)
af
(
pu
)≡ 0 (mod p).
This completes the proof. 
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We begin the proof with the following two lemmas.
Lemma 5.1. Let f1 and f2 be the modular forms of weight k1 and k2 on SL2(Z). If f1 and f2
are p-integral and f1 ≡ f2 (mod p), then
k1 ≡ k2
(
mod (p − 1)).
Proof. See [11]. 
The next lemma shows the integral property.
Lemma 5.2. Let K be a real quadratic field and p be a prime. If (p − 1)  2k and k is even, then
ζK(1 − k) is p-integral.
Remark 5.3. This lemma also holds for any totally real field K of degree d by replacing the
above divisibility condition by (p − 1)  dk.
Proof of Lemma 5.2. Suppose that ordp(ζK(1 − k)) = l for a certain negative integer l. Let
gk(z) := ζK(1 − k)+ 2d−1
∑
m1
an(K,k)q
n,
where an(K,k) is given in Theorem 4.1. The modular form plgk(z) is p-integral and plgk(z) ≡
plζK(1 − k) (mod p). Lemma 5.1 implies that 2k, the weight of gk, is divisible by p − 1. This
contradicts our assumption. 
Proof of Theorem 4.2. Since (p−1)  2k by assumption, ζK(1−k) is p-integral by Lemma 5.2.
Then from Theorem 4.1 we have
apb(K, k) = 2
∑
j |pb
χ(j)jk−1k−1
((
pb
j
)2
D
)
≡ 2k−1
(
pbD
)
(mod p).
Theorem 2.1 implies that
(24 + αδ)ζK(1 − k) ≡ apb(K, k) ≡ 2k−1
(
pbD
)
(mod p).
This completes the proof. 
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